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Year Reference Methodology Application

1993 Quah, DT. Empirical Cross-section Dynamics in Economic Growth. European Economic 
Review 37, 426–434.

ESTDA, Markov chains GDP growth, world

1996 Quah DT. Empirics for economic growth and convergence. European Economic Review
40:1353–1375.

1997 Quah DT. Empirics for Growth and Distribution: Stratification, Polarization, and 
Convergence Clubs. Journal of Economic Growth, 2: 27–59

ESTDA, kernel density
funct., Markov chains

GDP growth, world, 
convergence clubs

2001 Rey SJ. Spatial empirics for economic growth and convergence. Geographical Analysis
33:195–214

Spatial Markov chains
(SMC)

GDP growth, US states

2004 Le Gallo J (2004) Space-time analysis of GDP disparities among European regions: a 
Markov Chains approach. International Regional Science Review 27:138–163.

ESTDA, kernel density
funct., Markov chains, 
SMC.

GDP growth, EU regions

2004 Rey S. Spatial analysis of regional income inequality. In Goodchild MF, Janelle DG(eds.) 
Spatially Integrated Social Science. Oxford University Press:280-299

2006 Rey SJ, Janikas MV. STARS: Space–time analysis of regional systems. Geographical
Analysis 38:67–86.

2008 Le Gallo J, Chasco C. Spatial analysis of urban growth in Spain, 1900–2001. Empirical 
Economics 34:59–80

ESTDA, kernel density
funct., MC, SMC

Population growth, 
Spanish municipalities

2011 Rey SJ, Murray AT, Anselin L. Visualizing regional income distribution dynamics. Letters in 
Spatial and Resource Sciences 4:81–90

2012 Rey SJ, Mack EA, Koschinsky J. Exploratory space–time analysis of burglary patterns. 
Journal of Quantitative Criminology 28:509–531.
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Year Reference Methodology Application

2014 Agovino M. Do “good neighbors” enhance regional performances in including disabled 
people in the labor market? A spatial Markov chain approach. Annals of Regional 
Science 53:93–121

MC, SMC Promotion of disabled 
people employment in 
Italian regions.

2015 Rey S. Python Spatial Analysis Library (PySAL): An Update and Illustration. 
Geocomputation: A Practical Primer. London, SAGE:233–254

2016 Agovino M, Crociata A, Sacco PL. Location matters for pro-environmental behavior: a 
spatial Markov Chains approach to proximity effects in differentiated waste collection. 
Annals of Regional Science 56:295–315

SMC Pro-environmental 
behavior in Italian
provinces.

2016 Delmelle E, Thill J-C, Wang C. Spatial dynamics of urban neighborhood quality of life. 
Annals of Regional Science 56:687–705

Quality of life in Charlotte 
quarters

2016 Rey SJ. Space–time patterns of rank concordance: local indicators of mobility 
association with application to spatial income inequality dynamics. Annals of the 
American Association of Geographers 106:788–803.

2016 Rey SJ, Kang W, Wolf L. The properties of tests for spatial effects in discrete Markov 
chain models of regional income distribution dynamics. Journal of Geographical
Systems 18:377–398.

2020 Ayouba K, Le Gallo J, Vallone A. Beyond GDP: an analysis of the socio-economic diversity 
of European regions. Applied Economics 52(9):1010-1029

ESTDA, MC, SMC, Lisa 
MC, GIMA

Economic development
in the EU nuts2 regions

2020 Vallone A, Chasco C. Spatiotemporal methods for analysis of urban system
dynamics: an application to Chile. Annals of Regional Science 64:421–454

ESTDA, kernel density, 
MC, SMC, LISA MC, 
GIMA, Rank 
decomposition index.

Population evolution in 
the Chilean urban
systerm
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1. The aims of this work are two-fold: (a) to examine the determinants of long-run growth and (b) to 
check if per capita income converges towards a steady-state growth path, possibly differing 
across economies.

5

1993 Quah, DT. Empirical Cross-section Dynamics in Economic Growth. European 
Economic Review 37, 426–434.

ESTDA, Markov chains GDP growth, world

• The data show instability in 
underlying long-run growth
patterns.

• Each country’s income shows 
rising, rather than falling, 
variability over time: shocks to 
each economy appear more 
important at the end of the 
sample than at the beginning.

75% of the 118 
economies, 
experienced an 
increase in income 
variability.

A) ESTDA of income growth

78% experienced 
a reduction in 
income growth
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■ 118 countries x 23 years (1962-1985)
■ Variable: each country’s per capita income 

relative to the world average: 
(GDPi/POPi)/(∑iGDPi/∑iPOPi)

■ This variable is discretized into 5 intervals 
at 1/4, 1/2, 1. and 2 (These choices 
turned out to divide the observed data into 
roughly equal-sized categories).

■ Each element of the matrix m(j,k) is the 
probability that an economy in state j in 
one period transits to state k - in the 
following.

■ Low-numbered states correspond to low 
incomes: e.g., state 1 comprises per capita 
incomes no greater than one-fourth (1/4) 
the world average.

6

1993 Quah, DT. Empirical Cross-section Dynamics in Economic Growth. 
European Economic Review 37, 426–434.

ESTDA, Markov 
chains

GDP growth, world

B) Intra-distributional mobility: 5x5 Markov chain

# 2
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■ This matrix contains the one-step annual 
transition matrix, estimated by averaging 
the observed one-year transitions over 
every year from 1962-1963 through 
1984-1985.

■ The 1st column gives the total number of 
transitions with starting points in that 
income state; e.g. the 2nd row shows that 
over the entire sample across 118 
countries and 23 years, 643 
observations fell in state 2 (incomes 
between ¼ and ½ the world average.

7

1993 Quah, DT. Empirical Cross-section Dynamics in Economic Growth. 
European Economic Review 37, 426–434.

ESTDA, Markov 
chains

GDP growth, world

B) Intra-distributional mobility: 5x5 Markov chain

# 3
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■ Of these 643 observations or intra-
distributional transitions, 92% remained 
in that same state in the following year: 
high persistence.

8

1993 Quah, DT. Empirical Cross-section Dynamics in Economic Growth. 
European Economic Review 37, 426–434.

ESTDA, Markov 
chains

GDP growth, world

B) Intra-distributional mobility: 5x5 Markov chain

# 4

Short-run model
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■ We see persistence, although less pronounced; e.g. 7% of the economies originally at state 2 
(btw. ¼ and ½ of the world average) transited to incomes at world average or higher (states 4 
and 5) over this longer horizon.

■ This mobility is not all favorable though: of those same economies originally in state 2 over ½ 
dropped to even lower incomes. Looking down the neighborhood of the main diagonal suggests 
that at low incomes the greater tendency is to become even poorer, although some possibility 
for upward mobility always remains. Hence, countries caught in a low-income development trap 
remain there.

9

1993 Quah, DT. Empirical Cross-section Dynamics in Economic Growth. 
European Economic Review 37, 426–434.

ESTDA, Markov 
chains

GDP growth, world

B) Intra-distributional mobility: 5x5 Markov chain

# 5

This second panel is like the 
first, but now it describes 
the one 23-year transition 
from 1962 through 1985.

Long-run model
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This paper studies cross-country patterns of 
economic growth. The profound empirical regularity 
is an “emerging twin peaks” in the cross-sectional 
distribution, not simple patterns of convergence or 
divergence. The theoretical problems raised concern 
interaction patterns among subgroups of economies, 
not only problems of a single economy’s 
accumulating factor inputs and technology for 
growth.

10

1997 Quah DT. Empirics for Growth and Distribution: Stratification, Polarization, and 
Convergence Clubs. Journal of Economic Growth, 2: 27–59

ESTDA, kernel density
funct., Markov chains

GDP growth, US, 
convergence clubs

Figure 1, provocatively, shows the distribution at “t + s” to have a twin-peaks property: there is a clustering 
together of the very rich, a clustering together of the very poor, and a vanishing of the middle income class.

A) ESTDA of distributional dynamic “shapes”
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1997 Quah DT. Empirics for Growth and Distribution: Stratification, Polarization, 
and Convergence Clubs. Journal of Economic Growth, 2: 27–59

ESTDA, kernel density
funct., Markov chains

GDP growth, US, 
convergence clubs

Figure 2 plots the log of per capita 
incomes across 105 countries, all 
relative to the world average per capita 
income in each year.

# 2

Ln[(GDPi/POPi)/(∑iGDPi/∑iPOPi)]
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• Figure 3.2. Looking across 
three decades, we see that 
in 1961 a twin-peakedness. 
By 1988 that second peak 
continued being 
pronounced.

• The rise of the richer peak 
occurred at the expense of 
the poorer one.

1997 Quah DT. Empirics for Growth and Distribution: Stratification, Polarization, 
and Convergence Clubs. Journal of Economic Growth, 2: 27–59

ESTDA, kernel density
funct., Markov chains

GDP growth, US, 
convergence clubs # 3
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• Figure 3.4 shows no extraordinarily poorly-
performing economies (no lower outliers) or more 
accurately, when economies performed especially 
badly, they were not alone.

• On the upside, it shows several outstanding 
performers (upper outliers).

• However, over time, parts of the rest of the world 
have caught up with these initially very rich 
economies, even as other parts of the world 
remained poor.

• The lower part of the boxplot has never risen, and, 
indeed, relative to the median shows a continuing 
decline.

1997 Quah DT. Empirics for Growth and Distribution: Stratification, Polarization, 
and Convergence Clubs. Journal of Economic Growth, 2: 27–59

ESTDA, kernel density
funct., Markov chains

GDP growth, US, 
convergence clubs # 5
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• An easy way to quantify churning or intra-
distribution dynamics in a sequence of 
distributions is to discretize the space of income 
values, and then simply count the observed 
transitions out of and into distinct discrete cells.

• For instance, in Figure 4, one might add up the 
number of transitions out of cell II into cells I and 
III respectively (and everywhere else), and then 
normalize those counts by the total number of 
observations (rate or probability). Using discrete 
cells that span the space of all possible 
realizations, one can then construct a transition 
probability matrix.

B) Analysis of intra-distributional “mobility”

1997 Quah DT. Empirics for Growth and Distribution: Stratification, Polarization, 
and Convergence Clubs. Journal of Economic Growth, 2: 27–59

ESTDA, kernel density
funct., Markov chains

GDP growth, US, 
convergence clubs # 6
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• If the initial distribution were that given in Figure 6.1, then the model implies convergence of the entire cross-
section to a single point mass. Clustering, polarization or stratification into convergence clubs is what 
emerges in Figure 6.2.

1997 Quah DT. Empirics for Growth and Distribution: Stratification, Polarization, 
and Convergence Clubs. Journal of Economic Growth, 2: 27–59

ESTDA, kernel density
funct., Markov chains

GDP growth, US, 
convergence clubs # 7
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This paper suggests some new empirical strategies for analyzing the evolution of regional income 
distributions over time and space. This is achieved by integrating some recently developed local 
spatial statistics within a Markov framework. A number of indices are suggested as ways to 
characterize the space-time dynamics and are illustrated in a case study of U. S. regional income 
dynamics over the 1929-1994 period.

Integration of local spatial statistics and MC

2001 Rey SJ. Spatial empirics for economic growth and convergence. Geographical
Analysis 33:195–214

Spatial Markov chains
(SMC)

GDP growth, US states

2 states:
- Above average
- Below average
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2001 Rey SJ. Spatial empirics for economic growth and convergence. 
Geographical Analysis 33:195–214

Spatial Markov 
chains (SMC)

GDP growth, US 
states

■ Clusters or regimes of local spatial 
autocorrelation can also be identified in 
the scatter plot. This is evident in the 
high-growth rate cluster of southern 
States in quadrant I and the low-growth 
rate northeastern States in quadrant III.

■ Spatial weights matrix: 1st order spatial 
contiguity matrix.

■ The scatter plot provides important 
insights to the spatial dimension of a 
regional income distribution at one 
point in time (e.g. from 1932 to 1976).

# 2
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2001 Rey SJ. Spatial empirics for economic growth and convergence. 
Geographical Analysis 33:195–214

Spatial Markov 
chains (SMC)

GDP growth, US 
states

■ Type I: the transition involves a relative move of only the region.

■ Type II: involves a transition of only the neighbors in relative space, but the 
region in question remains in the previous state.

■ Type III: contains periods that witness a transition of both a region and its 
neighbors to a different state.

■ Type 0: In addition to these 12 transitions, there are 4 cases in which the 
region-neighbor pair remains at the same level.

# 3

■ Since there are 4 
mutually exclusive 
classes that a local 
Moran could take on in 
any single period (HH, 
LH, LL, HL), there are 12 
possible transitions a 
local Moran may 
experience over 2 or 
more periods.

■ These 12 transitions can 
be broken down into 3 
groups (I, II, III).
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2001 Rey SJ. Spatial empirics for economic growth and convergence. 
Geographical Analysis 33:195–214

Spatial Markov 
chains (SMC)

GDP growth, US 
states # 4

■ Figure 4 provides visual evidence 
that these transitions are highly 
clustered in space.

■ More specifically, the 20 States 
that ended the study period in a 
higher-income class than they 
started in are clustered in the 
southeast and central portions of 
the country.

■ At the same time, the 15 States 
that shifted down one or more 
income classes are found in a 
western cluster and dispersed 
throughout the industrial 
heartland.

■ Finally, there is a block of 
northeastern States that end the 
period in the same income class 
that they started in.
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2001 Rey SJ. Spatial empirics for economic growth and convergence. 
Geographical Analysis 33:195–214

Spatial Markov 
chains (SMC)

GDP growth, US 
states

■ SMC: a 
modification of the 
MC that conditions 
a region’s 
transition 
probabilities on the 
initial income class 
of its spatial lag

■ This matrix 
decomposes the 
kxk transition 
matrix into a kxkxk
system. In Table, 
k=3.

# 5
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• Figure 1 plots two estimated density functions for 
Europe-relative GDP in Ecus for the initial year 1980 
and the final year 1995.

• Density plots may be interpreted as the continuous 
equivalent of a histogram in which the number of 
intervals has been set to infinity and then to the 
continuum.

• From the definition of the data, 1 on the horizontal axis 
indicates European average GDP, 2 indicates twice this 
average, and so on.

2004 Le Gallo J (2004) Space-time analysis of GDP disparities among European
regions: a Markov Chains approach. International Regional Science Review
27:138–163.

ESTDA, kernel density
funct., Markov chains, 
SMC.

GDP growth, EU regions

The purpose of this article is to study the evolution of GDP disparities among 138 European regions 
over the period from 1980 to 1995.

A) ESTDA of distributional dynamic “shapes”
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• Moreover, besides the main mode, a second persistent 
mode for the time period is situated at around 50% of 
the EU. This may reflect the existence of a group of 
regions with per capita GDP levels well below the 
average, converging toward a lower GDP level than the 
rest of the regions.

• Finally, a small peak is situated at around 180% of the 
European average on the 1995 density plot for both 
variables, possibly indicating a tendency for very rich 
regions to diverge at the end of the period.

• There is a rising trend to polarization of European 
regional GDP: clustering around two local poles, the 1st

one including regions with p.c. GDP below 75% of the EU 
average and the 2ndone the other regions.

2004 Le Gallo J (2004) Space-time analysis of GDP disparities among European
regions: a Markov Chains approach. International Regional Science Review
27:138–163.

ESTDA, kernel density
funct., Markov chains, 
SMC.

GDP growth, EU 
regions # 2

• For p.c. GDP, compared with 1980, more regions reported in 1995 GDP either below the European average 
or twice the European average. 
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Table 1 contains the transition 
probability matrix between 1980 
and 1995 with the maximum 
likelihood estimates of the 
transition probabilities for p.c. 
GDP, defined as follows: pi=nij/ni
where nij is # of regions moving 
from class i in year t – 1 to class j 
in year t over all 15 years and ni is 
the total sum of regions ever in i
over the 15 years.

2004 Le Gallo J (2004) Space-time analysis of GDP disparities among European
regions: a Markov Chains approach. International Regional Science Review
27:138–163.

ESTDA, kernel density
funct., Markov chains, 
SMC.

GDP growth, EU 
regions # 3

B) Intra-distributional mobility: 5x5 Markov chain

For example, during the 15-year period, there were 416 instances of a region having a GDP lower than 65% of 
the European average. The majority (95.9%) remained in that GDP class at the end of the year, while 4.1 
percent moved up one class by the end of the year.
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2004 Le Gallo J (2004) Space-time analysis of GDP disparities among European
regions: a Markov Chains approach. International Regional Science Review
27:138–163.

ESTDA, kernel density
funct., Markov chains, 
SMC.

GDP growth, EU 
regions # 4

B) Intra-distributional mobility: 5x5 Markov chain

In Table 3, the ergodic distribution can be interpreted as the long-run equilibrium regional GDP distribution in the 
regional system. Concentration of the frequencies in the median class would imply convergence to the mean, 
while concentration of the frequencies in some of the classes, that is, a multimodal limit distribution, may be 
interpreted as a tendency toward stratification into different convergence clubs. Finally, a dispersion of this 
distribution among all classes is interpreted as divergence.
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2004 Le Gallo J (2004) Space-time analysis of GDP disparities among European
regions: a Markov Chains approach. International Regional Science Review
27:138–163.

ESTDA, kernel density
funct., Markov chains, 
SMC.

GDP growth, EU 
regions # 5

C) Spatial dependence: role on the Markov chain

• Figure 4 displays the regions’ upward or downward 
moves across GDP classes between 1980 and 
1995 for per capita GDP.

• Upward moves are mainly located in Germany, 
whereas downward moves are found in French or 
U.K. regions.

• These results seem to indicate a spatial pattern 
associated with the regions’ transitions in the GDP 
class distribution. This conclusion must be 
confirmed by a formal spatial autocorrelation test, 
the Cliff and Ord’s joint-count test.
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2004 Le Gallo J (2004) Space-time analysis of GDP disparities among European
regions: a Markov Chains approach. International Regional Science Review
27:138–163.

ESTDA, kernel density
funct., Markov chains, 
SMC.

GDP growth, EU 
regions # 6

C) Spatial dependence: role on the Markov chain
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2004 Le Gallo J (2004) Space-time analysis of GDP disparities among European
regions: a Markov Chains approach. International Regional Science Review
27:138–163.

ESTDA, kernel density
funct., Markov chains, 
SMC.

GDP growth, EU 
regions # 7

The richest regions are 
negatively affected when poorer 
regions surround them: ln 
average, the richest regions 
move down one class with a 
probability of 7.3% (cell [5, 4] of 
Table 1). However, if the 
neighboring regions are poorer 
(class 4), the probability 
increases to 9.2% and reaches 
11.1% if the neighboring regions 
are in the middle class. 
Conversely, the poorest
regions are positively affected 
when they are surrounded by 
richer regions.
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• The distribution is bimodal in 1900 but 
becomes a unimodal distribution in 2001 (minor 
mode around 70–80%).

• This progressive concentration of probability 
mass around 100% can be interpreted as 
evidence for slight convergence.

We study the evolution of population growth among the group of 722 municipalities included in the 
Spanish urban areas over the period 1900–2001 (10 decades).

A) ESTDA of distributional dynamic “shapes”

2008 Le Gallo J, Chasco C. Spatial analysis of urban growth in Spain, 1900–2001. 
Empirical Economics 34:59–80

ESTDA, kernel density
funct., MC, SMC

Population growth, 
Spanish municipalities

1900

2001
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• During the century, there were 2,567 instances of an urban municipality having a population size lower 
than 20 percent of the Spanish average. The majority of these municipalities (94.4%) remained in that 
size class at the end of the year, while 5.3% moved up one class by the end of the year.

2008 Le Gallo J, Chasco C. Spatial analysis of urban growth in Spain, 1900–
2001. Empirical Economics 34:59–80

ESTDA, kernel density
funct., MC, SMC

Population growth, 
Spanish
municipalities

# 2

B) Intra-distributional
mobility: 6x6 Markov 
chain
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• The ergodic distribution that can be interpreted as the long-run equilibrium urban-size distribution in 
the urban system. Explicitly, there will be a time where the distribution of urban municipalities will not 
change any more: that is the ergodic or limit distribution.

• It is used to assess the form of convergence. Concentration of the frequencies in a certain class would 
imply convergence (if it is the middle class, it would be convergence to the mean).

• In Spanish urban system: convergence to the small-size towns.
• Concentration of the frequencies in some of the classes (multimodal limit distribution) may be 

interpreted as a tendency towards stratification into different convergence clubs.

2008 Le Gallo J, Chasco C. Spatial analysis of urban growth in Spain, 1900–
2001. Empirical Economics 34:59–80

ESTDA, kernel density
funct., MC, SMC

Population growth, 
Spanish
municipalities

# 3
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• Probability of a particular transition (Down, None, or Up) conditioned on the populations of the urban 
municipality’s neighbors at the beginning of the year. It is positive spatial autocorrelation:

• The probability for an urban municipality of moving up in the hierarchy is 7.1% when its spatial lag contains 
on average less population whereas it is 8% when it contains on average more population. Conversely, the 
probability of moving down is 18.9% when its spatial lag contains on average less population whereas it is 
only 3.9% when it contains on average more population.

2008 Le Gallo J, Chasco C. Spatial analysis of urban growth in Spain, 1900–
2001. Empirical Economics 34:59–80

ESTDA, kernel density
funct., MC, SMC

Population growth, 
Spanish
municipalities

# 4

C) Integration of local spatial statistics and MC
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The purpose of this study was to examine whether the performance of Italian regions in providing employment
to disabled people -according to Law 68/99- can be affected by the performance of neighboring regions.

Hence, he propose a two-step analysis focusing on Italian regions for the period 2000–2009. The results of
this analysis show that good neighbors are important in promoting the improvement of regions’ performance.
However, the effects produced by bad neighbors should not be underestimated, especially when they are
concentrated in an area of the country and show a time-space persistence. The effect of a persistent dualism
on the performance of Italian regions with respect to the application of Law 68/99 represents a problem for
policy-makers. Hence, they must seriously consider it, especially when regions with low efficiency scores are
surrounded by neighbors with poor efficiency score and show an unhealthy poorly performing labor market.

2014 Agovino M. Do “good neighbors” enhance regional performances in including 
disabled people in the labor market? A spatial Markov chain approach. Annals 
of Regional Science 53:93–121

MC, SMC Promotion of disabled 
people employment in 
Italian regions.

DATA: we use the percentage of employed disabled people, in the 20 Italian regions from 2000-2009.
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# 4
2016 Agovino M, Crociata A, Sacco PL. Location matters for pro-environmental 

behavior: a spatial Markov Chains approach to proximity effects in differentiated 
waste collection. Annals of Regional Science 56:295–315

SMC Pro-environmental 
behavior in Italian
provinces.

We analyze data on differentiated
waste collection (as a proxy of pro-
environmental behaviors) in Italian
provinces in the years 1999–
2012. We make use of a Markov
Spatial Transition approach to
model the dynamic of local
transitions among different levels
of environmental pro-sociality, and
we find that differentiated waste
collecting habits tend to be
strongly influenced by proximity
effects: provinces with good levels
of environmental pro-sociality may
positively influence nearby ones,
and viceversa.
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behavior: a spatial Markov Chains approach to proximity effects in 
differentiated waste collection. Annals of Regional Science 56:295–315

SMC Pro-environmental 
behavior in Italian
provinces.
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SMC Pro-environmental 
behavior in Italian
provinces.
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Methodological procedure

■ We propose a modeling strategy to identify spatiotemporal patterns in the 
evolution of a variable; e.g., population, per capita income, quality of life, 
crime, adoption of policies, good/bad practices, etc.

■ This method also allows evaluating the influence of spatial proximity 
among spatial units (cities, census tracts, regions, countries…) to detect 
regional differences and interactions in their spatiotemporal dynamics.

■ It establishes the influence of spatial proximity by assembling a set of 6
spatial statistical approaches.

3
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■ The contents of this course sessions are 
illustrated with an application for the 
evolution of the Chilean urban system
during the 20th Century.

■ We will use the estdaR package in R: 
https://github.com/amvallone/estdaR

■ For certain illustrations and analysis, we 
will also use GeoDa software and 
workbook developed by Luc Anselin: 
https://geodacenter.github.io/documenta
tion.html

https://github.com/amvallone/estdaR
https://geodacenter.github.io/documentation.html
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Methodological procedure #4

■ In the urban literature in particular, the spatial Markov chain (SMC) method 
has been used to analyze the historical development of Spanish cities (Le 
Gallo and Chasco 2008) and of Phoenix, Arizona (Kane et al. 2014), but no 
applications have been found for the other methods.

■ We employ the procedure to detect different trends and spatial clusters in 
the development of the present Chilean cities over the period 1930-2002, 
focusing specifically on how spatial proximity affects relative sizes and 
rankings.

■ We seek to know to what extent certain urban processes, such as urban 
sprawl and population convergence, are homogeneous across the entire 
Chilean city system or whether a city’s population grows faster or slower 
depending on its neighbors’ growth speed.

6
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Methodological procedure #5

A summary of the six-step method:

1. Exploratory analysis of city-size distribution.

2. Analysis of city-size distributional mobility in urban dynamics using Markov 
chains.

3. The role of spatial dependence in city-size distributional mobility using 
spatial Markov chains.

4. Analysis of the co-evolution of cities and spatial neighbors using LISA 
methods.

5. Computation of spatial regime disparities in the co-evolution of cities and 
neighbors using GIMA.

6. Rank decomposition of city size by spatial regimes.

7
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1. Exploratory analysis

■ Typical spatiotemporal exploratory data analysis does not analyze the evolution of 
the “shape” of the cross-sectional distribution of cities in terms of size relative to 
the rest of the urban system.

■ Such analyses also fail to take into account spatial interdependence between 
regions.

■ Traditional exploratory measures of urban convergence are based on the evolution 
of the mean value and the dispersion (variance/std. deviation) within city size cross-
sectional distribution over time.

■ For example, the sigma-convergence determines the dynamics of approximation 
between urban populations in a specific period by computing the standard 
deviation or coefficient of variation of relative log city population.

■ However, dispersion indicators provide no information about behavior of the overall 
population distribution, as it is the case of the kernel density of urban population 
distributions for different periods.

. 8
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2. Distributional mobility 

■ The density functions enable characterization of the evolution of the global 
population distribution, but they provide no information about the 
movements of the cities within this distribution over the course of the study 
period.

■ That is, they do not say whether the right tail of the initial year distribution 
contains the same cities as the right tail in the final year distribution.

■ One way to answer these questions is to track the evolution of each city’s 
relative size over time by estimating transition probability matrices 
associated with Markov chains.

■ A Markov chain consists of a set of discrete states or discretization of the 
population distribution. This method describes a process that starts in one 
of these states (year) and moves successively from one state to another.

9
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3. Spatial dependence

■ Previous methods have not explicitly taken into account the spatial 
dimension of urban growth.

■ In effect, population growth may spread around neighboring areas in a 
metropolization process or it may experience a chronic depopulation 
evolution, corresponding both situations to positive spatial autocorrelation, 
that is, the presence of urban growth interactive processes of agglomeration 
or dispersion, respectively.

■ On its part, negative spatial autocorrelation implies a systematic dispersed 
polarization of large cities in a country.

■ Markov chain analysis enables integration of spatial dependence of the 
data by estimating the spatial Markov transition matrix (SMC). This method 
reports the probability of a particular transition conditioned by the 
populations of the city’s neighbors in the preceding period.

10
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4. Co-evolution

■ The SMC provides insight into the role of spatial neighbor cities at the 
beginning of the transition, but it cannot analyze the joint evolution of cities 
and neighbors in the urban system dynamics. To analyze these issues, we 
use two different methods: the LISA Markov Chain and the Directional LISA.

■ The LISA transition matrix is based on the Local Moran statistic. The LISA 
Markov chain computes the joint transition of a city and its neighbors in the 
distribution by measuring their movements across the four quadrants of the 
Moran scatterplot.

■ The LISA Markov method computes the probability that cities and spatial 
neighbors will move from the Moran scatterplot states, but it is not possible 
to observe this evolution on a diagram. One way of capturing the co-
movements of cities and neighbors graphically across the Moran scatterplot 
is the Directional LISA approach.

11
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5. Spatial regimes

■ The Global Index of Mobility Association (GIMA), which is based on the rank 
correlation coefficient, enables measurement of disparities or inequalities 
in city size using concordance or discordance of the ranks of this variable in 
two periods of time.

■ GIMA is a spatial τ index of concordant and discordant rank pairs which can 
capture the effect of space in the ranking changes.

■ It can be decomposed in two indexes: one for pairs of neighboring cities and 
the other for pairs of non-neighboring cities. This procedure enables us to 
identify the different rank correlation patterns between neighboring and 
non-neighboring cities. 

■ Additionally, it is possible to partition the cities into regimes by 
operationalizing neighbors with the so-called block spatial weights.

12
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6. Rank decomposition

■ The rank decomposition index is defined as the sum of rank changes, from 
period t0 to t1, within a spatial regime, over the sum of the overall rank 
changes.

■ For a sequence of time periods, this index measures the extent to which 
rank changes for a variable measured over 𝑛 locations are in the same 
direction within mutually exclusive and exhaustive partitions or spatial 
regimes of the 𝑛 locations.

■ In this context, cohesion can be understood as a process of migration 
between regimes, such that the size of cities in one regime increases 
(ascending in the ranking) at the expense of the size of cities in the other 
regimes, which decline in the ranking.

■ Full cohesion thus implies a perfect population transfer between regimes.

13
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Contents #iii

For the Exploratory space-time analysis (ESTDA), we propose using 
statistic measures and representations oriented to study the 
evolution of the mean value, dispersion and shape of the spatial 
distribution, such as:
1. Box plots
2. Standard deviation/coefficient of variation charts
3. Scatterplots
4. Moran’s scatterplot
5. LISA maps
6. Average charts
7. Kernel functions

4
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1. Box plots
■ The box plot is a chart which focuses on the quantiles of the distribution. The 

data points are sorted from small to large.

■ The median (50% point) is represented by the horizontal bar in the middle of 
the distribution while the mean value is drawn as a point. The brown rectangle 
goes from the 1st quartile (1Q=25th percentile) to the 3rd quartile (3Q=75th 
percentile).

■ The difference between the values that correspond to the third (8.7454) and 
the first quartile (7.1158) is referred to as the inter-quartile range (IQR). The 
inter-quartile range is a measure of the spread of the distribution, a non-
parametric counterpart to the standard deviation. In our example, the IQR is 
roughly 1.6 (8.7454 – 7.1158 = 1.6296).

■ The horizontal lines drawn at the top and bottom of the graph are the so-called 
fences or hinges. They correspond to the values of the 1Q less 1.5xIQR (i.e., 
roughly 7.1158 - 1.5x1.6296 = 4.6714), and the 3Q plus 1.5xIQR (i.e., roughly 
8.7454 + 1.5x1.6296 = 59.2). Observations that fall outside the fences are 
considered to be outliers.

5
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1. Box plots #ii
■ In our example, we have represented the log population size of the Chilean 

cities in 1930. There are 3 upper outliers, but no lower outliers.

■ One of the very useful applications of a box plot is that the outliers can be real 
or strange values due to coding errors or other measurement problems. In our 
case, the 3 upper outliers are real values which corresponds to the big cities of 
Santiago, Valparaíso and Concepción.

■ The typical multiplier for the IQR to determine outliers is 1.5 (roughly 
equivalent to the practice of using two standard deviations in a parametric 
setting). However, a value of 3.0 is fairly common as well, which considers only 
truly extreme observations as outliers.

6

From Anselin (2021) GeoDa Workbook, 
https://geodacenter.github.io/documentation.html

https://geodacenter.github.io/documentation.html
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1. Box plots #iii

7

■ The representation of the box plots over time 
allows showing trends in either the mean and 
the dispersion of the cross-section distributions.

■ In our example, we have represented the log 
population size of the Chilean cities over the 
period 1930-2002.

■ First, we observe an upward trend in the 1st
moment (mean/median) of the population 
distributions.

■ As for the 2nd moment, we should standardized
the IQR (more or less constant over time) by the 
increasing median value, which leads to a 
quasi-variation coefficient. The outcome is a 
decreasing trend in the dispersion of the 
distributions.

■ The numbers of upper outliers also decreases 
from 3 to only one (Santiago city).
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2. Std. Dev. charts

8

■ Since the box-plot cannot give an unbiased estimation of the evolution of the 2nd moment of the 
spatial distributions, it is convenient to compute the Pearson’s coefficient of variation (CV) over 
the time periods. This analysis is called σ-convergence. 

■ It follows an almost persistent decreasing trend, which is evidence of convergence in terms of 
urban population size.

Pearson’s coefficient of variation 
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3. Scatterplots

9

• The standard tool to assess a linear 
relationship between two variables is 
the scatter plot, a diagram with two 
axes, each corresponding to one of 
the variables. The observation (x, y) 
pairs are plotted as points in the 
diagram.

• Here, we show results from fitting a 
linear function of the log of population 
size, city by city (X-axis), to the 
percentage rates of the log. pop. from 
1930 to 2002 (Y-axis). 

• The negative slope (-0.078) of the 
beta coefficient is evidence of 
convergence in the Chilean urban 
system.

Log population 
growth rate 
1930 to 2002 
vs log 
population 
1930
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3. Scatterplots #ii

10

1970s = structural change: Pinochet’s accession to power, abandonment of the ISI model, and 
growth of the tertiary sector to the detriment of industry, which was progressively concentrating in 
Santiago 

The general slope (-0.078) 
splits into -0.042 (period 
1930-1970) and -0.031 
(period 1970-2002).
Convergence speed (𝜆) was 
slower after 1970.

Log population 
growth rate 
1930 to 1970 
vs log 
population 
1930

Log population growth rate 1970 to 2002 
vs log population 1970

𝜆 = 1 − 𝑒!"#$
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4. Moran’s scatterplots

11

■ The upper-right quadrant and the lower-left quadrant correspond with positive spatial
autocorrelation (similar values at neighboring locations): high-high and low-low. In contrast, 

■ The lower-right and upper-left quadrant correspond to negative spatial autocorrelation
(dissimilar values at neighboring locations): high-low and low-high.

■ The classification in quadrants as such does not imply significance.                                                                                                                            

Log population 
1930

Log population 
1970

Log population 
2002
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5. LISA maps

12

Log population 
1930

Log population 
1970

Log population 
2002
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6. Average charts
■ It is an

implementation of a 
simple test on the
difference in means
between selected
and unselected
observations.

■ It illustrates and 
quantify the
difference between
the mean of a 
variable for selected
observations and 
unselected
observations

13

Log population
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6. Average charts #ii

■ This test is not the traditional t-test, but rather as an F-statistic for a regression that includes an
indicator variable for the selection (i.e., value = 1 for selected, and zero otherwise). The F-statistic
on the significance of the joint slopes in that regression is equivalent to a t-test on the coefficient
of the indicator variable, since there is only one slope.                                                                                                                            

14

Log population 
1930

Log population 
2003
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7. Kernel functions
■ The kernel density graph displays a kernel 

density estimate of the distribution of a 
single series. 

■ Density plots: the continuous equivalent of 
a histogram in which the number of 
intervals has been set to infinity and then to 
the continuum.

■ Heuristically, the kernel density estimator is 
an adjusted histogram in which the “boxes’ 
of the histogram are replaced by “bumps” 
that are smooth.

15

■ Smoothing is done by putting less weight on 
observations that are further from the point 
being evaluated.

■ The kernel density estimate f(x) of a series 
Xi at a point x is estimated by:

𝑓 𝑥 =
1
𝑁ℎ

'
!"#

$

𝐾
𝑥 − 𝑋!
ℎ

N: # observations
h: the bandwidth (or smoothing parameter)
K: kernel weighting function (integrates to 1)
The number of points ≥ 100.

IHS Markit (2021). Analytical Graph Types. 
In: Eviews 12 Help Topics. 
http://www.eviews.com/help/helpintro.html
#page/content%2Fhelpintro.html%23

http://www.eviews.com/help/helpintro.html
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7. Kernel functions #ii
■ u: argument of the kernel function.

■ I: indicator function that takes a value of 1
if its argument is true, and 0 otherwise.

■ Bandwidth h: controls the smoothness of 
the density estimate; the larger the 
bandwidth, the smoother the estimate. 

■ Silverman (1986) proposes to use a data-
based automatic bandwidth:

16

Kernel functions:

Epanechnikov
(default in EViews)

3
4
1 − 𝑢% 𝐼 𝑢 ≤ 1

Triangular 1 − 𝑢 𝐼 𝑢 ≤ 1

Uniform
(Rectangular)

1
2
𝐼 𝑢 ≤ 1

Normal or Gaussian
(default in R)

1
2𝜋

𝑒𝑥𝑝 −
1
2
𝑢%

Biweight or Quartic 15
16

1 − 𝑢% %𝐼 𝑢 ≤ 1

Triweight 35
32

1 − 𝑢% &𝐼 𝑢 ≤ 1

Cosinus 𝜋
4
𝑐𝑜𝑠

𝜋
2
𝑢 𝐼 𝑢 ≤ 1

ℎ = 0.9𝑘𝑁 ⁄&# '𝑚𝑖𝑛 𝑠, ⁄(𝐼𝑄𝑅) 1.34
s: standard deviation
IQR: interquartile range of the variable
k: canonical bandwidth-transformation that
differs across kernel functions

Silverman, B. W. (1986). Density Estimation. 
London: Chapman and Hall.
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7. Kernel functions #iii

17
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7. Kernel functions #iv

■ Variables: relative log population.
■ On the horizontal axis, the value 1 indicates

average city size in Chile; 1.5 a value 50% 
higher than this average, so on.

■ 1950: The first is the decade of the 1950s, 
when the Import Substitution Industrialization
(ISI) protectionist policy was implemented.

■ 1970s: a decade of tremendous changes
with Pinochet’s accession to power, 
abandonment of the ISI model, and growth of 
the tertiary sector to the detriment of 
industry, which was progressively
concentrating in Santiago.

■ Compared with 1930, more cities reported
values below the Chilean average in 2002.                                                                                                               

18

Relative size distributions ( ⁄𝑥!( ∑! 𝑥!(): allows 
comparing the spatial distributions for each t.
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7. Kernel functions #v
■ The evolution of the central cities follows

a pattern similar to that of the national
group.

■ In the three urban groups, the central 
mass of distributions increases more or
less significantly in 1970, peaking in the
2002 distribution. This progressive
concentration as evidence of population
convergence.

■ Cities in the Northern regime have a 
changing bimodal shape over the period: 
convergence clubs.

■ The convergence trend seems to be more 
acute in the Southern city group.                                         

19
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7. Kernel functions #vi
■ The central mass of distributions

increases more or less significantly in 
1970, peaking in the 2002 distribution.

■ Cities in the Northern regime have a 
changing bimodal shape over the period.

■ In 1930, the main mode was constituted
by cities with relative population over the
regime average, while in 2001, the main
mode is formed by cities with average
population.

■ This changing evolution is a clear
evidence of convergence clubs in the
Northern cities of the country.

20
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7. Kernel functions #vii
■ The central mass of distributions increases

more or less significantly in 1970, peaking in 
the 2002 distribution.

■ Cities in the Southern regime have a main
mode in the relative mean population of the
regime and a second mode of big cities at 
25% over the mean.

■ During the first decades, there is also a very
small mode of towns at 75% of the
population size, with dissapears at the end
of the decade.

■ These outcomes are showing a convergence
trend to the mean value of the regime, with a 
smaller mode of larger cities at 115%.

21
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■ The density functions enable characterization of the evolution of a global distribution 
(population, income per capita, etc.). However, they provide no information about the 
movements of the spatial units within this distribution over the course of the study period.

■ That is, they do not say whether the right tail of the initial year distribution contains the same 
cities as the right tail in the final year distribution.

5

1. Why computing transition probability matrices?

■ One way to answer these questions is to track the evolution of each spatial unit’s relative 
value over time by estimating transition probability matrices associated with Markov chains.
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2. Markov chains (MC): introduction

■ In a MC, the probability of a random variable X being equal to some value x at time (n + 1) 
is only dependent on x at time n, not any other value of x. It is a time-series autoregressive 
process of order 1 or AR(1). It is also called a “memorylessness” process.

■ A finite first-order Markov process is a stochastic process 𝑋 𝑡 , 𝑡 ∈ 𝑇 , e.g., population, 
with index set 𝑇 = 0,1,2, … , e.g., years, and a finite state space M = 1,2, … , 𝑁 , e.g., 
quintiles, which satisfies the following Markov property:

𝑃 𝑋 𝑡 = 𝑗|𝑋 𝑡 − 1 = 𝑖, 𝑋 𝑡 − 2 = 𝑖!"#, … , 𝑋 0 = 𝑖$ = 𝑃 𝑋 𝑡 = 𝑗|𝑋 𝑡 − 1 = 𝑖

for all time periods (t) and all possible states i, j.

■ Many real-world situations can be modeled as MC. At any time, the only information about 
the chain is the current state, not how the chain got there. At the next unit of time the 
state is a random variable whose distribution depends only on the current state.

6
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■ MC models a set of discrete states, S, of a variable X, such that:

S = {s1, s2,…, sr}.

■ When dealing with continuous variables, we must first discretize the continuous state-
space of this variable, for example, by quantiles (quartiles, quintiles, etc.).

■ The MC method describes a process that starts -in one period (e.g., hour, year, decade, 
etc.)- in one of these states and moves –along the periods- successively from one state to 
another.

■ Each move is called a step. If a region is currently in state si and it moves to state sj at the 
next step, it occurs with a probability denoted by pij, which is called transition probability.

■ If a region remains in the state where it was in initially, this occurs with probability pii.

7

2. Markov chains (MC): introduction (ii)
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■ The transition probabilities can be arranged in a square array called a transition matrix, Π, such
that the values in a specific row (e.g., the first) represent the probabilities that a spatial unit or
region in a specific state i will move to this first state.

■ If the transition probabilities 𝑝%& 𝑡 = 𝑃 𝑋 𝑡 = 𝑗|𝑋 𝑡 − 1 = 𝑖 are independent of t 𝑝%& 𝑡 =
𝑝%& for all 𝑡 ∈ 𝑇, the Markov chain is said to be time stationary or time homogeneous.

■ A time-stationary Markov chain is completely determined by the Markov transition matrix Π:

Π =

𝑝'' 𝑝'# … 𝑝'(
𝑝#'
⋮

𝑝## …
⋮ ⋱

𝑝#(
⋮

𝑝(' 𝑝(# … 𝑝((

;   ∑&)'( 𝑝%& = 1

8

3. Transition probability matrix
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■ It is possible to forecast the (S,1) vector of the frequency of the regions in each class s at time t,
𝐹 𝑡 :

- one period: 𝐹 𝑡 + 1 = Π𝐹 𝑡

- f periods: 𝐹 𝑡 + 𝑓 = Π*𝐹 𝑡

■ Under certain circumstances, when 𝑓 → ∞, Π converges to a limiting Π∗ of rank 1 (with only 1
row linearly independent).

■ Hence, there is an ergodic or limit distribution, 𝐹∗ 𝑡 = ∞ , which is independent from the initial
distribution, 𝐹 𝑡 = 0 , such that:

𝐹∗Π = 𝐹∗, given by the eigenvector associated with the unit eigenvalue of Π.

9

4. Ergodic distribution
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𝑝!! 𝑝!" … 𝑝!#
𝑝"!
⋮

𝑝"" …
⋮ ⋱

𝑝"#
⋮

𝑝#! 𝑝#" … 𝑝##

𝐹! 𝑡
𝐹" 𝑡
⋯

𝐹# 𝑡

=

𝐹! 𝑡 + 1
𝐹" 𝑡 + 1

⋯
𝐹# 𝑡 + 1

Π𝐹 𝑡 = 𝐹 𝑡 + 1

If 𝐹 𝑡 and 𝐹 𝑡 + 1 are scalar multiples, that is if: Π𝐹 𝑡 = 𝐹 𝑡 + 1 = 𝜆𝐹 𝑡 ,	then 𝐹 𝑡 is an eigenvector 

4. Ergodic distribution (ii)

of the linear transformation Π. And the scale factor λ is the eigenvalue corresponding to that eigenvector.

Π − 𝜆𝐼 𝐹 𝑡 = 0 where I is the S-by-S identity matrix and 0 is the zero vector.

This equation has a nonzero solution, 𝐹 𝑡 , if and only if the determinant of the matrix Π − 𝜆𝐼 is zero. 
Therefore, the eigenvalues of Π are values of λ that satisfy the equation: Π − 𝜆𝐼 = 0.

The fundamental theorem of algebra implies that the characteristic polynomial of the S-by-S matrix Π, 
being a polynomial of degree S, can be factored into the product of S linear terms:

Π − 𝜆𝐼 = 𝜆! − 𝜆 + 𝜆" − 𝜆 + ⋯+ 𝜆# − 𝜆
where 𝜆!, 𝜆",…, 𝜆# are the eigenvalues of Π, that is, the ergodic or limit distribution, 𝐹∗ 𝑡 = ∞ .
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■ The probability ML estimator is defined as merely the relative frequency of transitions
observed over the entire time period under consideration:

11

�̂�45 =
𝑛4,5
𝑛4

=
𝑛4,5

∑567
8 𝑛4,5

=
∑967: 𝑛4,5 𝑡

∑967: ∑567
8 𝑛4,5 𝑡 − 1

# times a region started in state i in period t and 
transitioned to state j in the next period

5. Probability Maximum Likelihood (ML) estimator

where 𝑛!,# and 𝑛! denote the sums of the respective observed frequencies over all transition periods: 

𝑛%,' = <
()!

*

𝑛%,' 𝑡 and 𝑛% = <
()!

*

𝑛%,(+!

# times a region was 
ever in state i.
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6. Assumptions of the MC approach

■ The ML =𝑃%& estimator is consistent and asymptotically normally distributed.

■ Since improper discretization of a continuous variable could have the undesired effect of 
removing the Markov property and producing very misleading results (due to a certain 
degree of arbitrariness), discretization methods must satisfy three conditions:

1. First, the classes should include a similar number of observations.

2. Second, the data-generating process from which the sample is drawn must meet the 
restrictions imposed by the underlying Markov chain theory. Otherwise, the =𝑃%& will 
not be good estimators of =𝑃%& and cannot be used to derive a limiting distribution.

3. Third, the =𝑃%& have to be based on a number of observations, ni, that is sufficiently 
large to be able to rely on the asymptotic properties of the estimators. Otherwise, the 
accuracy of estimates will be rather poor.

12

Bickenbach, F. and Bode, E. 2003. Evaluating the Markov Property in Studies of Economic Convergence, 
International Regional Science Review, vol. 26, no. 3, 363–92
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6. Assumptions of the MC approach (ii)
■ In practice, estimation is subject to a trade-off between improving the accuracy of 

estimates and increasing the probability of violating the underlying assumptions.

■ In principle, it would be preferable to estimate the probabilities using as many 
observations (transition periods and/or spatial units) as possible. However:

1. The shorter the time intervals assumed to constitute one transition period, the higher 
the probability of violating the Markov property of time dependence.

2. The longer the time period under consideration, the higher the risk of structural 
breaks (i.e., time heterogeneity).

■ Similar trade-offs are relevant in the spatial dimension:

1. The smaller the spatial units, the higher the correlation between variable levels of 
neighboring regions (i.e., spatial dependence).

2. The larger the geographical scope of the sample, the higher the probability of lumping 
together regions with heterogeneous development patterns.

13



Master DASEE
Data Analyst for Spatial and Environmental Economics

Spatiotemporal dynamics @ Coro Chasco, UAM (2021)

7. Test of the Markov property of independence
■ This test verifies whether the AR(1) Markov property holds for the given chain. This chain consists of the 

sequence of states (s=1,…,S) of the values of a variable (see markovchain R package). For example:

14

■ The test looks at triplets of successive observations of this chain. If x1, x2, . . . , xT is a set of 
observations and nijk is the number of times t (1 ≤ t ≤ T − 2) such that xt = i, xt+1 = j, xx+2 = k, then if the 
Markov property holds, nijk follows a Binomial distribution with parameters nij and pjk.

■ A classical 𝜒2 test can check this distributional assumption, since:

<
𝐼
<

𝐽
<

𝐾

𝑛𝑖𝑗𝑘 − 𝑛𝑖𝑗�̂�𝑗𝑘
2

𝑛𝑖𝑗�̂�𝑗𝑘
∼ 𝜒2 (𝑞)

The number of degrees of freedom q of the distribution of 𝜒2 is given by the number of triplets – number of pairs + 
number of observations – 1.

Large p values indicate that one should not reject the null hypothesis 
that the Markov property holds for a specific transition.
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8. Tests of the Markov property of time homogeneity

■ Bickenbach and Bode (2003) present two tests for time homogeneity or stationarity in
MC models: LR or the Pearson χ2 test statistics

■ These tests are appropriate for deciding whether the transition probabilities of the first-
order Markov chain can be assumed constant over time.

■ They can be performed by dividing the entire sample period comprising T transitions into 
M mutually exclusive and exhaustive subperiods (m = 1, . . ., M; M ≤ T).

■ They compare the transition matrices estimated from each of the M subsamples to the 
matrix estimated from the entire sample. The null hypothesis is time homogeneity:

𝐻$: ∀𝑚: 𝑝 |%& - = 𝑝%& 𝑚 = 1,… ,𝑀

■ To obtain estimates of comparable quality, the M subperiods are defined in such a way 
that they are of about the same length.

15
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8. Tests of the Markov property of time homogeneity (ii)
■ The comparison of the transition matrices estimated from each of the M subsamples to the matrix 

estimated from the entire sample, can be implemented using the LR or the Pearson’s 𝜒2 test statistics.

𝐿𝑅 𝑀 = 2 <
𝑚=1

𝑀

<
𝐼=1

𝑁

<
𝑗∈𝐴 |𝑖 𝑚

𝑛 |𝑖𝑗 𝑚𝑙𝑛
�̂� |𝑖𝑗 𝑚

�̂�𝑖𝑗
∼ 𝑎𝑠𝑦𝜒2 <

𝑖=1

𝑁

𝑎𝑖 − 1 𝑏𝑖 − 1

𝑄 𝑀 = <
𝑚=1

𝑀

<
𝐼=1

𝑁

<
𝑗∈𝐴 |𝑖 𝑗

𝑛 |𝑖 𝑚
�̂� |𝑖𝑗 𝑚 − �̂�𝑖𝑗

2

�̂�𝑖𝑗
∼ 𝑎𝑠𝑦𝜒2 <

𝑖=1

𝑁

𝑎𝑖 − 1 𝑏𝑖 − 1

where 𝐴 |𝑖 𝑚 = 𝑗: �̂� |𝑖𝑗 𝑚 > 0 is the set of nonzero transition probabilities in the ith row of the transition matrix 
estimated from the mth subperiod,

𝐴𝑖 = 𝑗: �̂�𝑖𝑗 > 0 is the set of nonzero transition probabilities in the ith row of the transition matrix estimated 
from the entire sample,

ai = # Ai is the number of elements in Ai, and bi = # Bi is the number of subperiods for which a positive number of 
observations is available for the ith row.

16
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sml.town town city bigcity megal SUM
sml.town 219 33 6 1 0 259

town 36 178 44 1 0 259

city 3 48 176 25 0 252

bigcity 1 0 26 214 18 259

megal 0 0 0 18 241 259

sml.town town city bigcity megal
sml.town 0.8456 0.1274 0.0232 0.0039 0.0000

town 0.1390 0.6873 0.1699 0.0039 0.0000

city 0.0119 0.1905 0.6984 0.0992 0.0000

bigcity 0.0039 0.0000 0.1004 0.8263 0.0695

megal 0.0000 0.0000 0.0000 0.0695 0.9305

‘sml.town’: 1st quintile of population
‘town’: 2nd quintile
‘city’: 3rd quintile

‘bigcity’: 4th quintile
‘megal’: 5th quintile

Example: Chilean cities. From 1930 to 2002 (T=8 
decades). Variable: population. States: quintiles (S = 5)

# times a region started in state i in t and
transitioned to state j in the next period

𝑛%,' = ∑()!* 𝑛%,' 𝑡

9. Empirical application
9.1. Transition matrix

�̂�45 =
𝑛4,5
𝑛4

𝑛% = ∑()!* 𝑛%,(+!
# times a region 
was ever in state i.

In Vallone and Chasco (2020):
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■ It is also important to compute the ergodic, steady-state, or limit distribution that can be 
interpreted as the variable distribution in the long-run equilibrium.

■ This function is used to assess the form of convergence in an income or population 
distribution.

■ A concentration of the frequencies of the ergodic distribution in a certain state or class 
implies convergence (if in the middle class, convergence to the mean).

■ Concentration of the frequencies in some of the classes—that is, a multimodal limit 
distribution—can be interpreted as a tendency toward stratification into different 
convergence clubs.

■ Finally, the dispersion of this distribution among all classes is interpreted as divergence.

18

9. Empirical application
9.2. Ergodic distribution
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• First, the classes include a similar number of observations (a total of 259 movements per quintile, 
except for 1 quintile with 252 movements).

2 periods Full country Central regime Northern regime Southern regime

Chi-2 test 9.75 13.43 9.27 13.16

LR test 10.71 14.55 9.98 14.46

• The time homogeneity test values corresponding to the quintile discretization and 2 subperiods are 
𝜒!;" = 9.75 , p value = 0.71 and LR = 10.71 , p value = 0.63.

9. Empirical application
9.3. Time homogeneity tests

It is not posible to reject the null hypothesis of time homogeneity.
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Contents
1. Antecedents

2. Methodology to evaluate spatiotemporal dynamics (STD)

2.1. Exploratory analysis of the spatiotemporal distribution (ESTDA)

2.2. Analysis of spatiotemporal distributional mobility with Markov chains (MC)

2.3. The role of spatial dependence in spatiotemporal distributional mobility with 
spatial Markov chains (SMC)

2.4. Analysis of the co-evolution of spatial neighboring regions using LISA methods

2.5. Computation of spatial regime disparities in the co-evolution of neighboring regions 
using GIMA

2.6. Spatial regime cohesion dynamics with the rank decomposition index
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Contents of this chapter

1. Why considering spatial autocorrelation in MC models?

2. The spatial Markov chains (SMC)

3. Local indicator of spatial association (LISA) Markov chain

4. Directional LISA
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■ The previous methods have not explicitly considered the spatial dimension of 
intradistributional mobility.

■ For example, population growth in cities may spread around neighboring areas in a 
metropolization process or it may experience a chronic depopulation evolution. Both 
situations (metropolization and desertification) corresponds to positive spatial 
autocorrelation.

■ On its part, negative spatial autocorrelation implies a systematic dispersed polarization 
of large cities in a country.

5

1. Why considering spatial autocorrelation in MC 
models?
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■ The SMC provides insight into the role of spatial neighbor cities at the beginning of the 
transition, reporting the probability of a spatial unit’s particular transition conditioned 
by the variable value of its spatial neighbors in the preceding period.

■ As noted in Rey (2015), for a quantile discretization of the population distribution, the 
maximum likelihood estimator of transition probabilities is:

�̂� 𝑙 !" =
∑#$%& 𝑛 𝑙 !"#

∑#$%& ∑"$%
' 𝑛 𝑙 !"#

where 𝑛 𝑙 !"# is the number of times a sample chain with a spatial lag in quartile l started in state i in
period t and transitioned to state j in the next period, t+1.

6

2. Spatial Markov Chains (SMC)
2.1. Definition

Rey S (2015) Python Spatial Analysis Library (PySAL): an update and illustration. In: Geocomputation: a practical 
primer, SAGE, London, pp 233–254
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■ MC analysis enables integration of spatial dependence of the data by estimating the 
spatial Markov transition matrix.

■ In the SMC, the transition dynamics are divided across spatial units with spatial lags in 
the different classes at the preceding time period.

7

2. Spatial Markov Chains (SMC)
2.2. Spatial Markov transition matrix

Example for quintiles (S=5).
Path dependence, 
independently of the 
spatial lag value: higher 
values in the main 
diagonal, except in the last 
submatrix, for L5.
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■ Hence, we compute as many transition probability matrices as number of classes. For 
example, for a quintile discretization, we compute 5 transition probability matrices:

l(1) is the chain corresponding to the spatial lags of the values of the variable located 
at the lowest quintile of this distribution.

l(5) is the chain of spatially lagged population values in the upper quintile.

8

2. Spatial Markov Chains (SMC)
2.2. Spatial Markov transition matrix (ii)

A spatial unit with a value in a variable X located in the 
2nd quintile, in time t will move up to the 3rd quantile of 
this X variable, in time (t – 1) with a probability of 
24.29%, when its spatial neighbors got, in time t, an 
averaged value of X placed in the 1st quintile.

Absorbing state: distributional movements in the group 
of units with large values is null independently of their 
spatial neighbors (see next slide).
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2. Spatial Markov Chains (SMC)
2.2. Spatial Markov transition matrix (iii)

The probability that a spatial 
unit with a value of a 
variable X located in the 2nd
quintile, in time t, will move 
up to the 3rd quantile of this 
X variable, in time t+1, 
grows with the averaged X 
values of its spatial 
neighbors: from 24.29%, 
when the neighbors’ value is 
in the 1st quintile to 68.29% 
when it is placed in the 5th
quintile.
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2. Spatial Markov Chains (SMC)
2.2. Spatial Markov transition matrix (iv)
Vallone and Chasco (2020):

• In most cases, cities tend to move up or down in the population hierarchy when their corresponding city 
neighbors are on average larger or smaller, respectively, which would be evidence of the existence of 
positive spatial autocorrelation in urban population growth.

• In other words, the bigger Chilean cities are likely to agglomerate and promote growth in their 
neighborhood while the smaller peripheral ones suffer in general from endemic shrinking processes, 
inducing growing inequalities among cities in Chile.

• There is an absorbing state in the l(1) and l(5) of the smallest and largest cities’ spatial neighbors. This 
absorbing state situation also takes place in large cities neighbored by small ones. That is, the smallest 
and largest cities are not affected, in terms of population size, by neighbor cities’ size.
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■ Computing the spatial lags requires a spatial weight matrix (W) to capture the potential 
spatial interaction among the spatial units in a system. It is an n-by-n matrix, for n the 
total number of spatial units, with:

the main diagonal elements (wii) set to zero by definition and

the rest of the nonzero cells (wij) capturing the degree of spatial dependence among 
observations i, j.

■ There is a rich variety of ways to specify the structure of these weights.

11

2. Spatial Markov Chains (SMC)
2.3. Spatial weights matrix
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Specifications of 
the spatial weight 
matrix:

12

2. Spatial Markov Chains (SMC)
2.3. Spatial weights matrix (ii)
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■ To contrast the influence of space on the transition and the homogeneity across lagged 
classes, we compute two statistics: Pearson’s Q test and the likelihood ratio (LR) test, 
both distributed as an asymptotic Chi-square.

■ These statistics test the null hypothesis that the initial transition probabilities of the 
spatial units in the X variable distribution are spatially independent, that is, that they 
are not influenced by the values of their corresponding surrounding spatial units 
(spatial lag).

■ The nonsignificant values of these tests must be interpreted with caution, however, due 
to the asymptotic nature of the statistical inference. The tests are too lenient for small 
samples. The tests suggest not rejecting the null hypothesis even when considerable 
differences between transition probabilities under the null and the alternative exist 
(i.e., a large Type II error).

13

2. Spatial Markov Chains (SMC)
2.4. Tests of spatial homogeneity
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■ These tests clearly reject the null of spatial independence of city-size intradistributional
mobility. That is, Chilean city growth in one moment of time does depend on average 
population of neighboring cities in a previous period.

14

2. Spatial Markov Chains (SMC)
2.4. Tests of spatial homogeneity (ii)
Vallone and Chasco (2020):

Tests

Pearson’s Q test 69.72**

LR test 73.45**

** p-value < 0.05

Null hypothesis transition SMC
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■ The ergodic or steady-state distributions for neighboring cities of small and small-to-
medium size, l(1)–l(3), are left-skewed distributions:  it increases the probability that a 
city will shrink and become a smaller town in the long run.

■ The l(5) chain of the largest neighboring cities has a right-skewed distribution, implying 
a long-term concentration process.

15

2. Spatial Markov Chains (SMC)
2.5. Ergodic distributions

In Vallone and Chasco (2020)
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■ The SMC provides insight into the role of spatial neighbor cities at the beginning of the 
transition, but it cannot analyze the joint evolution of cities and neighbors in the urban system 
dynamics.

■ To analyze these issues, we use two different methods: the LISA Markov Chain (Rey and 
Janikas 2006) and the directional LISA (Rey et al. 2011).

■ LISA MC consist of the estimated probabilities for the joint transition of a spatial unit and its 
neighbors in the distribution of an X variable.

16

3. Local indicator of spatial association (LISA) 
Markov chain
3.1. Definition
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■ The LISA transition matrix (Rey and Janikas 2006) is based on the local Moran statistic proposed by 
Anselin (1995) to identify local clusters and spatial outliers.

■ The LISA MC computes the joint transition of a spatial unit and its neighbors in the distribution by 
measuring their movements across the four quadrants of the Moran scatterplot. Conventionally:

1) the upper-right quadrant and the lower-left quadrant correspond to positive spatial 
autocorrelation (similar values at neighboring locations) and are referred to, respectively, as 
high–high (HH) and low–low (LL) spatial autocorrelation.

2) The lower-right and upper-left quadrants, in contrast, correspond to negative spatial 
autocorrelation (dissimilar values at neighboring locations), referred to, respectively, as high–low 
(HL) and low–high (LH) spatial autocorrelation.

17

3. Local indicator of spatial association (LISA) 
Markov chain
3.2. LISA transition matrix
Rey SJ, Janikas MV (2006) STARS: space–time analysis of regional systems. Geogr Anal 38:67–86
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■ The states of the LISA MC are the 4 quadrants of the Moran scatterplot in a given period.

■ In each period, a spatial unit can be classified into 4 mutually exclusive categories HH, LH, LL, and HL, 
according to the values of an X variable. Here, the categories constitute a segmentation of a distribution 
like the quantiles. For example, the category HL indicates a spatial unit with an X’s value above the 
system average for a period while its neighbors’ mean value is below the average in this same period.

18

3. Local indicator of spatial association (LISA) 
Markov chain
3.2. LISA transition matrix (ii)

A spatial unit initially in the Moran’s scatterplot quadrant 
HH (large cities surrounded by large cities) will move to 
quadrant LH (small cities surrounded by large ones) in the 
next period with 10% probability.

In Vallone and Chasco (2020)
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■ From period to period, a spatial unit’s position in the Moran scatterplot may change among 
the quadrants, with 16 possible transitions.

19

3. Local indicator of spatial association (LISA) 
Markov chain
3.2. LISA transition matrix (iii)

1: HH to HH
2: HH to LH
3: HH to LL
4: HH to HL
5: LH to HH
6: LH to LH
7: LH to LL
8: LH to HL

9: LL to HH
10: LL to LH
11: LL to LL
12: LL to HL
13: HL to HH
14: HL to LH
15: HL to LL
16: HL to HL

In Vallone and Chasco (2020)
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■ The steady-state distribution shows:

1. Higher probability values for LH and LL

2. Lower values for HL and HH

■ This indicates that only a few large cities (LH state) and many small ones (LH and LL states) 
will exist in the Chilean urban system in the long run.

20

3. Local indicator of spatial association (LISA) 
Markov chain
3.3. Ergodic LISA MC distribution

In Vallone and Chasco (2020)
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■ A formal test for co-movement dependence can also be performed by decomposing the LISA 
Markov chain into a pair of chains, one for the spatial unit and the other for the neighbors. 
Each chain has two states: H and L.

■ The statistics follow an asymptotic 𝜒2 distribution, where the null hypothesis is the 
independence of the two chains.

21

3. Local indicator of spatial association (LISA) 
Markov chain
3.3. Test for co-movement dependence

Tests

Chi-2 test 22980***

*** p-value < 0.01

In Vallone and Chasco (2020)

The test rejects the null of  spatial co-movement independence 
between cities and corresponding spatial neighbors.
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■ The LISA Markov method computes the probability that cities and spatial neighbors will move from the 
Moran scatterplot states, but it is not possible to observe this evolution on a diagram. One way of 
capturing the co-movements of cities and neighbors graphically across the Moran scatterplot is the 
directional LISA approach (Rey et al. 2011).

■ This method visualizes these co-movements by means of the origin standardized movement vector, 
obtained by comparing two Moran scatterplots corresponding to two different periods of time, for 
example, the first and last period of analysis.

■ This technique is very appropriate to test for different dynamics between spatial regimes, urban sub-
systems and urban markets.

22

4. Directional LISA

Rey SJ, Murray AT, Anselin L (2011) Visualizing regional income distribution dynamics. Lett Spat Resour Sci 4:81–90
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4. Directional LISA (ii)
■ In the case in Chile, we identified the North, Central, 

and South urban subsystems. 

■ This figure represents the standardized Directional LISA 
of these three Chilean urban spatial regimes. 

■ The movement vectors reflect relative changes in the 
LISA Markov chain between the first and last period of 
analysis (1930 and 2002, respectively).

■ We have standardized the moves such that all arrows 
depart from the coordinate origin of the Moran 
scatterplot.

■ Movements to the ‘Southwest’ part of the scatterplot 
indicate reduction in a city’s size concurrent with 
reduction in its neighbors’ size. 

■ Movements to the “Northeast” cuadrant represent an 
increase in the size of both the city and its neighbors 
during the period.

North 
regime

Center regime
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4. Directional LISA (iii)

■ To obtain a clearer view of the movement patterns’ heterogeneity, rose diagrams are also 
very helpful. They are circular histograms that show the frequency of moves across 
different directions based on angular notation.

■ It displays data that contain direction and magnitude variables. They normally comprises 
of 8 or 16 radiating spokes, which represent degrees of a circle or the compass points 
North, East, South, West and their intermediate directions. 

■ Each direction axis has values increasing outwards and like pie charts, the data are 
divided into proportional slices or sectors. The arc length of each slice is proportional to 
the quantity it represents.

■ Rose diagrams are also used to represent the directional LISA inference results 
graphically. The null hypothesis is that the distribution of the vectors across the segments 
reflects independence in the movements of the focal unit and its spatial lag. Inference is 
based on random spatial permutations under the null hypothesis, and it is necessary to 
identify the statistically significant values of directional LISA arrows and rose graph 
sectors.

24
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4. Directional LISA (iv)
■ We build 2 rose diagrams, one representing the statistically 

significant co-movements of the directional LISA. The rose diagrams 
are divided into 8 classes to visualize the usual HH, LH, LL and HL 
Moran scatterplot quadrants and the intermediate directions.

■ Location in the 0°-to-45° corresponds to cities with higher 
population growth than its corresponding neighbors. 

■ Analysis of the inference rose diagram shows that only movements 
in the Northeast and Southeast areas of the Moran scatterplot are 
significant at 1%.

■ The most frequent movement in the Center regime (green) is the 
0°-to-90° direction in the scatterplot, indicating great growth in the 
different cities and their neighbors from 1930 to 2002—a clear 
process of population concentration in this regime.

■ The same occurs in the Southern regime (red), though with much 
less intensity. The Northern regime’s most significant movement 
occurs in the 225°-to-360° direction in the scatterplot, meaning 
that Northern cities experienced a predominant joint reduction in 
size with their neighbors (blue). This change could. indicate urban 
migration from this regime to the others, mainly the Central Zone.

25
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Contents
1. Antecedents

2. Methodology to evaluate spatiotemporal dynamics (STD)

2.1. Exploratory analysis of the spatiotemporal distribution (ESTDA)

2.2. Analysis of spatiotemporal distributional mobility with Markov chains (MC)

2.3. The role of spatial dependence in spatiotemporal distributional mobility with 
spatial Markov chains (SMC)

2.4. Analysis of the co-evolution of spatial neighboring regions using LISA methods

2.5. Computation of spatial regime disparities in the co-evolution of neighboring regions 
using GIMA

2.6. Spatial regime cohesion dynamics with the rank decomposition index

2
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Contents of this chapter

1. Computation of spatial regime disparities in the co-evolution of spatial 
units and neighbors

1.1. Spatial Kendall’s 𝜏 index

1.2. Spatial GIMA

2. Rank decomposition of a variable by spatial regimes

4
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■ Rey (2016) proposes the Spatial Global Index of Mobility Association (GIMA), whose. 
antecedent is the Kendall’s spatial 𝜏 (Rey 2004). 

■ In turn, this last indicator is based on the Kendall’s rank correlation coefficient, which 
enables measurement of disparities or inequalities in a set of spatial units, in terms of 
a variable, using concordance or discordance of the ranks of this variable in two 
periods of time.

5

1. Computation of spatial regime disparities in the 
co-evolution of spatial units and neighbors

Rey SJ (2016) Space–time patterns of rank concordance: local indicators of mobility association 
with application to spatial income inequality dynamics. Ann Am Assoc Geogr 106:788–803
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■ The Kendall’s rank correlation coefficient of a spatial variable y in periods t and t+1, is 
defined as follows:

𝜏 𝑦!, 𝑦!"# =
𝑐 − 𝑑

𝑛 𝑛 − 1
2

where c is the number of concordant pairs, d the number of discordant pairs, and n the 
spatial sample size.

■ The index ranges from 0 (perfect discordance) to 1 (perfect concordance).

6

1. Computation of spatial regime disparities in the 
co-evolution of spatial units and neighbors (ii)
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■ From the Kendall’s rank correlation coefficient , we can build the GIMA mobility index 
as follows:

𝑀 =
𝜏 𝑦!, 𝑦!"# − 1

−2

■ M varies from 0 to 1, where 1 implies full ranking mobility and 0 complete stability of 
the ranking.

■ As this statistic yields a single value for the amount of rank mobility in the entire spatial 
distribution over two points in time, it is considered a global indicator.

7

1. Computation of spatial regime disparities in the 
co-evolution of spatial units and neighbors (iii)
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■ It is thus possible to decompose the Kendall’s 𝜏 index to capture the effect of spatial regimes in the 
ranking changes as follows:

𝜏 𝑦! , 𝑦!"# = 𝜑𝜏$ 𝑦! , 𝑦!"# + 1 − 𝜑 𝜏 %$ 𝑦! , 𝑦!"#

where 𝜑 = &!$&
&! $" %$ &

, with i a unit vector of order (n×1), W a spatial weights matrix containing the

neighboring relationships, and *𝑊 = 𝑖𝑖' −𝑊 − 𝐼(×( a matrix capturing the non-neighboring relationships.

■ We define W matrix as block spatial regime weight matrix, such that wij=1 if R(i)=R(j), otherwise wij=0, 
where i, j are spatial units and R the regimes (for block W matrices, Anselin and Rey 2014, p. 37).

■ Hence, spatial neighborhood is operationalized by the partition of the spatial units into regimes. 
Additionally, other W specifications are allowed.

8

1. Computation of spatial regime disparities in 
the co-evolution of spatial units and neighbors
1.1. Kendall’s spatial 𝜏
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■ Construction of the block spatial regime weight matrices W and *𝑊 for 4 regions in 2 spatial regimes

9

1. Computation of spatial regime disparities in 
the co-evolution of spatial units and neighbors
1.1. Kendall’s spatial 𝜏 (ii)

regions

W: neighbors

*

i

i’
_ _ 

W I 

= 

= 

!𝑊: non-neighbors 

1st regime
2nd regime

Anselin L, Rey S (2014) Modern spatial econometrics in practice: a guide to GeoDa, GeoDaSpace and PySAL. 
GeoDa Press, Chicago

EXAMPLE:



Master DASEE
Data Analyst for Spatial and Environmental Economics

Spatiotemporal dynamics @ Coro Chasco, UAM (2021)

■ This expression presents the spatial index of concordant and discordant rank pairs as a 
decomposition of two indexes: one for pairs of neighboring spatial units and the other for pairs of 
non-neighboring spatial units.

■ This procedure enables us to identify the different correlation patterns between neighboring and 
non-neighboring spatial units.

■ We can consider as neighbors those spatial units belonging to a same spatial regime.

■ Different ranking patterns may be inferred based on random spatial permutations of the 
attributes to develop a distribution for W under the null hypothesis of spatial homogeneity in the 
correlation patterns (Rey 2016).

10

1. Computation of spatial regime disparities in 
the co-evolution of spatial units and neighbors
1.1. Kendall’s spatial 𝜏 (iii)

𝜏 𝑦! , 𝑦!"# = 𝜑𝜏$ 𝑦! , 𝑦!"# + 1 − 𝜑 𝜏 %$ 𝑦! , 𝑦!"#
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1. Computation of spatial regime disparities in 
the co-evolution of spatial units and neighbors
1.1. Kendall’s spatial 𝜏 (iv)

Example: Chilean cities. From 1930 to 2002 (T=8 decades). 
Variable: population. Regimes = 3 (Center, North, South)

In Vallone and Chasco (2020):

1930-
1940

1940-
1952

1952-
1960

1960-
1970

1970-
1982

1982-
1992

1992-
2002

Concordance 15,554 15,493 15,714 15,676 15,940 15,922 15,902

Discordance 1,277 1,340 1,121 1,158 893 911 933

Tau test 0.83*** 0.84*** 0.87*** 0.86*** 0.89*** 0.89*** 0.89***

Sp. concordance 7,181 7,064 7,141 7,167 7,248 7,257 7,258

Sp. discordance 499 616 539 512 431 423 422

Spatial tau test 0.87** 0.84 0.86 0.87 0.89 0.89 0.89

** p-value < 0.05; p-values are computed with a 1,000-replication process.

Due to Chile’s peculiar 
geography and the 
location of the spatial
regimes, the 
neighboring regimes 
(W) are North-Center 
and South-Center, and 
the non-neighboring
Regimes ( *𝑊) North–
South.

𝜏 𝑦! , 𝑦!"# = 𝜑𝜏$ 𝑦! , 𝑦!"# + 1 − 𝜑 𝜏 %$ 𝑦! , 𝑦!"#
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■ As with Kendall’s 𝜏, it is possible to construct spatial mobility indexes to build an additive 
decomposition of overall mobility (M).

■ It gives the option of comparing different levels of mobility between neighboring and non-
neighboring cities, as follows:

𝑀 = 𝜑𝑀$ + 1 − 𝜑 𝑀 %$

where 𝜑 = &*$&
&* $" %$ &, 𝑀$ = '+ (,,(,-. *#

*+ and 𝑀 %$ = '/+ (,,(,-. *#
*+ .

12

1. Computation of spatial regime disparities in 
the co-evolution of spatial units and neighbors
1.2. Spatial GIMA
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■ In the case of Chilean cities, only one 
period, 1930–1940 show a statistically 
significant spatial index.

■ During this period, ranking mobility 
between neighboring regimes (MW) was 
higher than mobility between non-
neighboring ones.

■ In the 1930s, the devastating 
consequences of the Great Depression 
produced bankruptcy, unemployment and 
rural–urban migration in Chile that 
benefited Central Zone growth.

13

1. Computation of spatial regime disparities in 
the co-evolution of spatial units and neighbors
1.2. Spatial GIMA (ii)

𝑀 = 𝜑𝑀$ + 1 − 𝜑 𝑀 %$ =

= 𝜑
𝜏$ 𝑦! , 𝑦!"# − 1

−2
+ 1 − 𝜑

𝜏 %$ 𝑦! , 𝑦!"# − 1
−2
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■ The rank decomposition index Θ!.*!0(Rey 2004) is defined as the sum of rank changes, from 
period t0 to t1, within a regime over the sum of the overall rank changes.

■ Formally, if we set i,t as the position in the ranking of a spatial unit i in period t and assume 
the existence of R spatial regimes, the rank decomposition index Θ is calculated as follows:

Θ!.*!0 =
∑, ∑&∈, 𝜃&,!. − 𝜃&,!0
∑&∈, 𝜃&,!. − 𝜃&,!0

■ The denominator of this measure is the sum of the absolute rank changes over the period.

14

2. Rank decomposition of a variable by spatial 
regimes

Rey S (2004) Spatial analysis of regional income inequality. In: Goodchild MF, Janelle DG (eds) 
Spatially integrated social science. Oxford University Press, Oxford, pp 280–299
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Θ!.*!0 =
∑, ∑&∈, 𝜃&,!. − 𝜃&,!0
∑&∈, 𝜃&,!. − 𝜃&,!0

■ For a sequence of time periods, θ measures the extent to which rank changes for a variable 
measured over n locations are in the same direction within mutually exclusive and 
exhaustive partitions (regimes) of the n locations.

■ The cohesion index will take the value 0 in the case of complete absence of cohesion (i.e., 
when all changes in the ranking occur only inside the same regime).

■ At the other end, Θ will take the value 1 when all movements in the ranking are 100% 
cohesive within the regimes. In this case, all spatial units from one spatial regime will be 
increasing their ranks at the expense of spatial units belonging to another regime.

15

2. Rank decomposition of a variable by spatial 
regimes (ii)
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■ In this context, cohesion can be understood as a process of migration between regimes, 
such that the values of a spatial unit in one regime increases (ascending in the ranking) 
at the expense of the the values of a spatial unit in the other regimes, which decline in 
the ranking.

■ Full cohesion thus implies a perfect transfer, in terms of a variable, between regimes.

■ Although Θ is a nonparametric test, it is possible to construct an inferential process 
based on random spatial permutations under the null hypothesis of spatial homogeneity 
(Rey 2004). 

■ One drawback of this index, however, is that it cannot provide information about the 
direction of the migration flow, which must be derived from alternative information 
sources.

16

2. Rank decomposition of a variable by spatial 
regimes (iii)
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■ In addition to the 1930s, there are other 3
periods with significant inter-regime mobility: 
1970s, 1980s and 1990s.

■ From the 1980s onward, the Central Zone 
underwent a selective agglomeration process 
based on higher income and better amenities, 
which attracted migrants with high human 
capital to its cities.

17

2. Rank decomposition of a variable by spatial 
regimes (iv)

In Vallone and Chasco (2020):
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